
15.4 Videos Guide 
 
15.4a 

• Mass of a planar lamina with shape 𝐷 and density 𝜌(𝑥, 𝑦) 
o 𝑚 = ∬ 𝜌(𝑥, 𝑦)	𝑑𝐴	

"  
 

• Total charge over an area with shape 𝐷 and charge density 𝜎(𝑥, 𝑦) 
o 𝑄 = ∬ 𝜎(𝑥, 𝑦)	𝑑𝐴	

"  
 

• Moments 
o About the 𝑥-axis: 𝑀# = ∬ 𝑦	𝜌(𝑥, 𝑦)	𝑑𝐴	

"  
o About the 𝑦-axis: 𝑀$ = ∬ 𝑥	𝜌(𝑥, 𝑦)	𝑑𝐴	

"  
 

• Center of mass 
o (𝑥̅, 𝑦2) = 3%!
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• Moments of inertia (second moments) 

o About the 𝑥-axis: 𝐼# = ∬ 𝑦'	𝜌(𝑥, 𝑦)	𝑑𝐴	
"  

o About the 𝑦-axis: 𝐼$ = ∬ 𝑥'	𝜌(𝑥, 𝑦)	𝑑𝐴	
"  

o About the origin: 𝐼( = ∬ (𝑥' + 𝑦')	𝜌(𝑥, 𝑦)	𝑑𝐴	
" = 𝐼# + 𝐼$ 

 
• Radii of gyration 

o With respect to the 𝑥-axis: 𝑦'777 = )"
&

 

o With respect to the 𝑦-axis: 𝑥'777 = )!
&

 
o (𝑥̿, 𝑦7) is the rotational analog to the center of mass 

 
15.4b 

• Probability 
o 𝑃:(𝑋, 𝑌)	ϵ	𝐷> = ∬ 	𝑓(𝑥, 𝑦)	𝑑𝐴	

" , where 𝑓 is the joint density function of  
𝑋 and 𝑌 

o Properties of a joint density function: 𝑓(𝑥, 𝑦) ≥ 0 and ∬ 𝑓(𝑥, 𝑦)	𝑑𝐴ℝ# = 1 
 

• Expected values for 𝑓 a joint density function of random variables 𝑋 and 𝑌 
o 𝑥-mean: 𝜇+ = ∬ 𝑥	𝑓(𝑥, 𝑦)	𝑑𝐴	

ℝ#  
o 𝑦-mean: 𝜇' = ∬ 𝑦	𝑓(𝑥, 𝑦)	𝑑𝐴	

ℝ#  


